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Motion of a charged particle in a magnetic field

m Math1054 IS TIRE0% m A
O EREEEEERE— RS
REH%EHECHE

e If a charged particle has velocity v and moves in a magnetic field H then the
particle experiences a force perpendicular to both v and H, which is proportional
to v x H. It is this force that is used to direct the beam in a television tube.

e Similarly a wire moving with velocity v in a magnetic field H produces a cur-
rent proportional to v x H (see Figure 4.35), thus converting mechanical energy
into electric current, and provides the principle of the dynamo.

e For an electric motor the idea depends on the observation that an electric
current C in a wire that lies in a magnetic field H produces a mechanical force
proportional to € x H; again see Figure 4.35. Thus electrical energy Is converted

Example 5.3  (a) Show that the only solution to the vector equs~~

M (o] [0 B+y=0

Ht = HE HF &

W it | o .
alt|+p|1|+yl0]=0 = Figure 4.35 c
| il i Bl y-6=0 In 2 magnetic field H, v
iy b} D otion of the
| Ao S The first equation gives f = ~a, the third gives y= - :I'_‘ I'I'I:_"J_'I;:H‘_{['::"“"‘ -
sa=p=y=0 Substituting, the second equation is satisfied identically creales 3 corvend In
b) Find a noa.zero solution for @, B, 7, 8to the v a=t, f=—L y=1 8= tsatisfies all the equations. the H x v {dynamo),
o (i) a eusvent € causes
] 1 1 [0 0 mation v in the Cx H
| direction {electric
|1 2 0 1 The important concept of linear dependence/independ( b0, 5 .
b T ] T Y e Y 5.3. It will be used later in the chapter and particularly |
- | | ston of the number of elgenvectors assoclated with a rep
7 o] o] |1 ! 4y, 4, ..., a form a linearly independent set If the onl
@y + Cay + +aa,=0
Solution Rarwrite 25 sa,=a=...= a="0. Otherwise the set is said to be | P
a\j'tbf i} 0] O] [ « in Example 5.3 the vectors in (a) are linearly independen Emﬁ' E *Bm l\_\lmﬁgl g I A
" | [ dependent [
afi{+p[1[+yj0|=| a+p |=0 N
| & .t = ey
bl U W leeses MA; TREREMTESERERERENTR
o e WH, - AEIREXIZIV.
Hence @ =0, @+ = 0and @+ f+ y= 0. equations which only have the solution
a=f=y=0 v Y - 8 _+
b) Adding the four row entries, which are all zeto, gives the equations I's l ‘
a+f=0 o o o
a+28+6=0 x » s C
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IRIZRE (40F8Y, 26ZFHNHER, 14FBHTR) :
Ei*'l E%‘ﬁﬁ Moment of a force Angular ve  The triple scalar product of three vectors @b and € is

. e The force F passes through the point P Consider a (axb)-e
10. 1 ‘J‘-':. i H/uim = -1;@: + vector OF. The moment M of the foreq with the dir i L . f /
P of the rie: (reometrical interpretation T ' {
e ¥ e = M=r=xF. ol the rig :
10.2 B HE5EH axb=|a , .
d %’:i 5 / ) to O. then t |: Python code:
' 2 . . L =lar . -
ol A = 1 Fas
0.3 HEHHERS T : oty
Thus, Import sympy as sp
10 4 E i' By lﬁ./g\’ﬁ"' o r _i F1 = sp.Matrix([[16/np.sqrt(45),20/mp.sqrt(45),-&/np.sqrt(45)]])
I B i - At .
\ ' \ b 4 F2 =sp.Matrix([[1,1,-2]])
C 28 ' ZEE R - N7 = '
10.5 Z | ] E R~ T H ‘Rﬁ' e % \;v; print(sp.Matrix.cross(F1,F2))
s, .
imuu . where & Result:
=1 - Matrix([[-4.77027835 199955,
A
jJ%E, ﬁ@g, 3.57770876399966, -0.596284793999944]])
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= = L
*Etkz EII.EH*EQE 2.4 Application: Electrical Networks Ohm’s Lay

The tools of linear equations can be used to study V=RI

e ’1n R, T . . ) . Kirchhoff’s Law
11 1 % :E .i«* @. l’é‘ ﬁﬁ: & application of electrical networks. An example of an electri (1) Current Law (nodes) KCL

i it i . . The sum of the currents following into any node is equal to the
circuit is below. direction of current & y q

. . sum of the current flowing out of that node. (see figure (a))
11. 2 ﬁ Fi B" 4 % I %" (2) Voltage Law (circuits) KVL

Gt

Voltage — resistance X current

The sum of the voltage drops around any circuit is equal to the

1 1 - 3 ',%‘. Fg.’ é{j ﬁ*‘ o D 55 total voltage around the circuit. (see figure (b))
11.4 2 L W« B & g . {:"% 710'55 —% .%_ féﬁ ;’%,4-' voltagé tesistor

IBm: MARZERES
KREFABIZOEFE, & |
ENRSIRERT RS Mesh analysis (http:/home.blackboard.soton.ac.ukl)

(1) Clearly label all the known quantities in the circuit.
thik

ur

node

Figure (a) e Yao Southar Figure (b)

(2) Identify all the “meshes” in the circuit( a loop with no sub-
loops).

(3) Assign mesh currents using voltages source.

(4) Apply KVL for each mesh and express the voltages in forms of
the mesh currents.

(5) Write the resulting system of equations and using Gauss-Jordan
elimination method to obtain the mash currents.

(6) New the mesh currents are known, the voltages may be obtained

from Ohm’s Law.

ENH
B, BRAE
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Geometric interpretation of determinants
y

=
Il

5 ol
0 as

area of the rectangle = |a; a9 | = |det A|

A o |:a11 (112:| Y
— 24 LR

doyp Qoo

a

area of the parallelogram = a,; a9 — @129, = |det A|.

(6) Addition rule
Theorem 4.3.1

(5] Qa9

31 @32

Qi+ by o+ bio ﬁ13‘|‘b13
QAay

Q33
a+a b+Db']\_ a b a b
det([ c d ]) 7d8t([c d)+det([c d])

l[c,c_l_!.--"""

4 (a+a'b+b)

Ay Az gy by bio bis
(21 Qoo Qo3|+ |G 2o Qo
@31 O3z (33 g1 O3z O3z
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5.4 Geometric interpretation of eigenvectors

A:{i ;] @) A map: ['(z)= Az

s el

A ’ﬂ

— /
€Eoy fhef
- Ae

e o

Projection

Proj,b PS isthe projection of & onto @,

Comp,b=/b|costlis the component of b along a.

From a-b=|a[b]cosd, it yields v > .
P Proj,b E; @
Comp,b=|b|costl = " "
Proj.b=(Comp,b a:b : !
=I{.om =—1. |
roj.b=(Comp, }a a-aa ! 0
|
57 Proj,b P a

21 . 1
. genvectors —_
A {1 2} eigenvectors o, {J

Av, = 3v, Av, = v,

A

Y
r

Geometric meaning of an eigenvector is that it is mapped
to a multiple of itself.

#E2BW
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Chapter

1.1 Introduction

Many measurable quantities, such as |
completely described by specifying their
quantities, such as velocity, force and accel
for their description. These quantities are vi

The concept of a vector was first us
Hamilton (1805-1865) in his study of
quaternions in the nineteenth century, but
twentieth century. Vectors are an importan
engineering. They are used to discuss multr
currents, stress and strain in structures and
50 0N,

1.2 The Geometry and Algebra of

QOutcomes
(1) Distinguish between scalars and vectors
(2) Recognize how vectors are represented.

(3) Find the position vector of a given poini

(4) Perform addition, subtraction and scalar
(5) Resolve a vector into their horizontal an

The gemoetry of vectors A vector is an «
Geometrically, we can picture a vector
magnitude of the vector and with an arrow
is from its tail to its head (see Figure 1.2.1).

] ¥anbam A Vmalenn

2.4 Applications

Outcomes
(1) Master the mesh method of analysis.
(2) Master the nodal method of analysis.
(3) Understand the Leontief closed model
(4) Understand the Leontief open model
(5) Understand Page Ranking for a Web Se

Electrical Networks
The tools of linear systems can be use
example of an electrical circuit is below.
an

D

01

UF

UV =

Figure2.4.1
In Figure 2.4.1, the jagged lines (=)«

their resistance R in ohms, written as {
to flow in the direction from the longer ¢
measured in volts, written as V. The curr

as A . Two essential theorems for this app

Ohm’s Law
voltage = resistanc

Kirchhoff's Law

(1) Current Law (nodes) KCL
The sum of the currents following into
out of that node (see Figure 2.4.2).

magnit (2) Voltage Law (circuits) KVL
- The sum of the voltage drops around
s circuit (see Figure 2.4.1).
tail
Figure 1.2.1

=

5.4 Geometric interpretation of eigenvectors

4.2 Es
(Outcomes
. ' . . . ' ' f . 1. Using the definit f determi e the following d inants.
(1) Visualize the effect of a linear transformation by considering its el #ieg i cecinilion of clatenmioant to eoomputa fue fHlewing cetonioant
eigenvalues. [ N o ! Looee 9 0 -410
3+20 il o2 0 -1 -
e : W8 -5 671
21 ooz a0 000
Consider the matrix A= . which corresponds to a map R~ a b -1 3
12 Lo 4 2 320
ey [ oa b )
bt b following o i
— + ] N o . 4, Compute the following determinans,
PMz)= Az If we put ' F" in Figure 541, then we gel the before-and-aft Find all the minors and cofactars of the f P
1 1+i|, " a b a [
e =2 Y[Y2?] ae =2 Y][°]=[1 @ | i &) @ |6 e al; | b atd a
ol 2lled Ll L 2lla) L2l cat atb @ b
1 =30
e |-2 1 0] (dy 5 Findthe valees of A that satisfy the given equations,
0 -4 0
1-x 0 -1
3 Evaluate the determinants of the fallow: @ “d—A 10 |=U_ o 1 1
k row o column. LR 5 s
1 -1 0 6, Evaluate the determinants of the given matrices using the result
ta![ﬂ 11 ] (] @ a4y
o0 1+ b by bs|=5.
R
2.1
gy i 2y
L1 A= |by b b ; (b) B=| 6,
bt & 2e,
- Sy i [
[ &= b by b iy D= a,
Figure 5.4.1 Figure 5.4.2 Ley—a ea—y oy— s Ly
Figure 5.4.2 has heen distorted somehow. Now. we put the letter *F° in the direction of
(e} E= L bs fry B

[y — 2, + e, oy — 2+ 3oy as— 2y + 3,:,]

eigenvectors (see Figure 54.3). By short caleulation shows that the corresponding
elgenvectors are

o o =%

[4a,—2a; a; m'|
A =2 b b

1 -1 -
oy =[ ] and =|: ]
1 1 Review exercises

1. Specify whether each statement is true o false. If trae, provide a proof; if false. provide a

nts,
counter example.

with comesponding eigenvalues A, =3 and Ay =1.1e. Av,=3w. A=

fa) If A isa 3x3 matrix with determinant zero, then one column must be a multiple of

Thus, this map described by the matrix A is revealed to be just a scaling |
some ether column;

1 (b} Fortwe nin marices A and B, det{d+ B) =det(A) + det (B},
along the direction of —[ ] (see Figure 5.4.4), _
1 (c) Foran nxn marices A, det(34) = Sdet (A):
(d) IF A exists, then det (A7) = (detA)
(e} If B is obtained by multiplying a single row of A by 3, then det = Jdet 4 ;
(0 I A dsareal nxn mars, then det{A” A} =0,
(g} If Az=0 forsome #0,then det(A) =0;
(b If A is invertible and B s singular, then AB s singular;
I A = mvertible and # is singular, then A + 8 s singular,

¥ L
[a:_z:ltz- By e s
-% -7 -5 2
01 -1 2
-5 1 -4
3, Suppose detd = 25 0 ? -1 . compute
1 -5 3 -3
(a) =Bdy+ A+ 34, — 44,
(b} As + 8 — 2dss + 25
9. Prove the following equations.
@’ b B
(a) |20 at+b 2b|=(a—b)7;
1 1 1
ar+by ay+b: az4be Ty =
(b)) |ay+ibz aztbe ar+dy|=("+8) v 2 z|.
az+br ar+by ay+bs Ty

10.1f 4 isa 7x7 matrix, then interms of det 4, what can we say about det (-~ 3.4)7

Explain and express a law about a general =< n matrix ed, ¢ isa nonzero scalar

17, Compute the determinant of

o1
(a) A=

10

o
]: A= 1
1

() deduce the fomula of det A

5r, 46z, =17
n111
HEN B!
Tl
L1

18, What is the volume of the parallelepiped with four of its vertices at
(0,0,0), (-1,2,2), (2,-1,2) and (2,2, -1).

19, Use row operations to verify that the 3= 3 “Vandermonde detenminant”™ is

20, Werafy that

conr a
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Chapter 1 Vector Algebra ppt
chapter 2 Linear algebra ppt
chapter 3 Matrix algebra ppt
chapter 4 Determinant ppt

Chapter 5 Eigenvalues and eigenvectors ...

JUTE M

3x1+6x, =3
2x1 +4x2 =4

Has solution or not?

The linear combination
is always on the dotted
line.

pr]
e
ar®

o
o
peid

a1y +a12x2 + - -+ ai1nTn =
az21r1 + az2x2 + - -+ ATy =
Am1T1 + Am2T2 + - - - + GmnTn -

AAF2H) %

HARBIN ENGINEERING UNIVERSITY

N B3 Bt

Ax = b

Has solution or not?

1)[
[)-)

IIIII

ai> A1n
: m Bl nl :
Am> Amn

aijs
x1 :
Am1

b, Is b the linear
— : combination of
S columns of A?

b, a11 a12 a1n
e Span
bITL aml am2 amn
2x;+3x, =4 2 1 1
3)(1 + le =-1 1 1 2
2 1 2
Has solution or not?
)
3
/ [1]
-: ...... 4
N 1
(3] * ———
3 T ITON: VAR

Is b in the span of the
columns of A?

B O
leLJ\sz
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EEEENS
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Seminar IR

LE; the 1st seminar problems

LE; the 2nd seminar problems
L_; the 3rd seminar problems
L_; the 4th seminar problems
LE; the 5th seminar problems
LE; the 6th Seminar problems

| the 5th seminar problems answers
LE; the 1st seminar answers
LE; the 2nd seminar problems answers
LE; the 3rd seminar answers
| the 4th seminar answers

| the 6th seminar problems answers

Seminar date: the 10™ week, Friday,
Content of discussing: 2.1-2.2

1} Geometric view of solutions of

2} Gauss elimination and Gauss-J
Requirement: Every team should prepe
team 9 prepares discussing problem
prepares discussing problem 7, team 1
discussing problems 5-8 (vou can give
10, wou do if you like, we do not discus

Basic problems

3
, and veet
5

1
1. For a matrix 4=| 2
3

ensures that the matrix equation Ax=/

3
nmﬁﬁ. By f
(D) ﬂ—g, (E) non

T+

2. The system of linear equations 3z +

(a) has a unique solution if a+-7,

(c) has no solutions if a=10,

(e} none of the above.

3. Which of the following systems of e
coefficient matrix, and [A b] denc
(a) A isa 5x6 matrix, rank(4)

(by A isa 3x4 matrix, rank(A4)

(c) A isa 4x2 matrix, rank(4A)=4 and rank[d,6]=4.
(d) A isa 5x5 matrix, rank(A)=4 and rank[A,b]=5.

{e) A isa 4x2 matrix, rank(A)=2 and rank[A,b]=2.

4. Use Gauss-elimination to determine if the systems is consistent. Do not «
systerms.

21 -4z, =-10
3z, + 3z, =0
B+ dr,=-1

-3z + 2z, + 323+ 2= B

Discussing problems
5. (10 minutes) Use Gauss-Jordan elimination to find the general solution
equations.
T —2z3— T3+ 3z, =0
-2z + 4z + 523 — H1, =3
3, — Gy — By + 8z, =-3

6. (10 minutes) Choose h and & such that the augmented matrices shy

following: (a) one solution; (b) no solution; (c) infinitely many solution

| [1 h 2 :| ,}]|:1 -3 l]
Dle 4k @l2 n
1 -2 3k
-1 9% -3
7. (10 minutes) Choose % such that the matrix E -2 3 has ea
-2 4k -6

(a) rankd =1, (b) rank.d =2, {c}) rankd =3,

8. (10 minutes) Choose A such that the following system have (a) ¢
solution; (¢} infinitely many solutions.
-2r+y+z=-2
T—2ytz=2A
T+y—2:=\

Challenge problems

9. Choose A such that the following system have (a) one solution; (b) no solution; (c)

infinitely many solutions,

224+ (4—XNy+7=0
(2=Mz+2y+3=0
2r+5y+6—A=0

10. A practical problem with buttons and lights.

Consider a practical problem with four lights arranged in a square (see Figure (a)):

Figure (a)

© @0
®eC o
® 0o 0

Figure {b)

where O means the light is on, the ® means the light is off.

Rules: Each light is also a button. When a button is pressed, its own light, and all the lights

neighboring it (i.e., above, below, to the left and to the right) are toggled (i.e., any light that

was off is turned on and vice versa).

1. Figure out which buttons to press to tum off all the lights if the starting position is as shown

above Figure (a)?

2. Then can you try another one Figure (b)?

do vou know how to solve this model?

Can you give me the mathematical model?  And

E30m
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5.2 Homework

1. Find the eigenvalues and corresponding eigenvectors of the matrices.

PN |—1 2—|,

| Class: Name:

(112

~ o oo

1

Student ID

*
-

| 2. Find the eigenvalues and eigenvectors of the matrices

(a)

(¢) | -1 0 1 |;

DD
ml

7 -2
) |3 0
6 -2

-3
d | 2
1

e EHE!

-7
4
2

-1
-2
-3

-9
3
2

S illlizl=R

158

Chapter 1 Review test

1. Which of the following quantities is considered as a vector?

(a) time (b) tempera
(c) force (d) mass
2. Which of the following statements is

(a) The vectors (-4, -6, 10) anc
(b) The line @ =1+5¢ y=1-—2¢,

2z +3y —4z=1 are perpen
(c) The cross product of two vectors |

(d)If @ isaunit vector, then a-a
3. la+b| = |la—b| ifand only if
(a) a=0 or b=10

c) a-b=0

4. The symmetric equation of a line is

() pass through the origin point O(0
(b} pass through the origin point O(0
(c) pass through the origin point O (0
(d) pass through the origin point O((
S.let a, B, yeR® and e+ 3+~
(a) y> 83 by Bxy (e
6.1f a=(3, 1, 0), b=(-1, 2, 1)
a-(2b+4e) =

T.Let a=(1, 2, -2), b=(4, 3,

8. Suppose a= (5z—2y, 4) and b=(2z —2y,2y) are equal in R*, then

9.

10

r= TS .
1 37
The area of the parallelogram determined by the vectors | 2|, | -2 | is .
3 1]
. Parametric equation of the line is
r=t+2
y=06—13t
z=-1—6
The unit direction vector is
. Find symmetric equations for the line through the point (7, 3, -5) that is
r—3 _ y+4 _ =2-—9
parallel to 1 = "r_—z = 6 -
Find an equation of the plane containing the lines = =#¢, y=4¢, z=-2t and
z=1+¢t, y=1-+4¢, z2=3—2t.
. A constant force of 10 N in the direction of @=4-+ 7 moves a block on a

frictionless surface from P (4, 1, 0) to P(7, 4, 0), suppose distance is
measured in meters. Find the work done.

1 1

. .1

. Find the direction cosines and direction angles of the vector a = sttt gdi— g k.
I a=2e+ 45 — 5k and b= 3i — 25 + Gk, determine:

(a) a-b;

b) |a+bl;

(c) axb;

(d) the angle between a and b.

#32m
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i st Section A.
20 Mathematlcs (I) 1 Stage teSt 1. [2 marks] Which of the following systems of equations has unigue solution.
w o+ _ _ _ - AW _ _W_ __ _ _ Here, ."1 T O p— ...-a-:.,'_ T o 1 A S |
2[] 1111 matrix of © 5. [2 marks] Let A: SECTION B-
o o111 . (A) Ais 1. [Total 12 marks]-
No. 3.(40 marks) (a) Determine if A= 0011 is invertible. (B)Aise  satisfy( ) (a) [4 marks] Find the vector equation of the line L through-
20 (C) Aisz (A) z=y+1 the points with position vectors a=(2,0, -1) and b=(1,2,3). Find the
Mark 0001 D) Aise coordinates of the point ¢ where the line L intersects the plane with
20 (b) If A is invertible, find the inverse of A. ) ([51 none. D)z=-y
TR, ) ) ) . . . [2 marks . B— "
1. (20 marks) D |y Usge the inverse you obtained in (b) to solve the system of linear equations . ) Copyright 2021 v01 © Universiy of Southiamptan Page 3 of 4
() If A and I (A) Eigen 6. [2 marks] Which o
(b) The symmet ntztoto=2 (B)Two ¢ (A) A =-2+5y/24
th o - €L | R e ] Ilnearly (C)-3and 7 )
€ origin pe (C) The « (E) none of the abo' ) 4 201912400252+
(e) If A is an s+ x4=-1 7. [2 marks] Suppc equation z=0_+
(D)The e . (b) [4 marks] Find the standard equation of the plane that «
each constar =3 det (24)=144 , the passes through the points (1,2,3), (2,4,5) and (4,5,6) .+
(d) Let A is a 4x3 matrix, rank(A)=4 and rank|[A b]=4, then the systen exactly ()12 {c) [4 marks] Find the shortest distance from the point 7 =(3,2,3) to the
Az =b has unique solution, (E)None (D)1 plane given by 2z +y +2: =2.¢
(e) None of the above 2. [Total 12 marks]-
' ' 3. [2 mark 18 1
. 8 [2 ks] Gi 1
2 @or)C~ - particle fr [2 marks] Given Given the matrix A=|1 3 -2|..
- to the poi 83 5
Challenge problem (A)53 un  and third column of (a) [4 marks] Find the value(s) of § such that det A =0 -
(10 marks) Find the shortest distance between the two lines 4([92} —5::" a6 (b) [4 marks] If 3=0, find A"'and hence solve:
. . marks r 24
ro=1(4,-2,3)+¢t(2,1.-1) and m=(-T7,-2,1)+s(3,2,1). N o A;} u]*
(a) For (A) [l]‘ Ly |_-1'31 L L2 L 8
(b) For what values of a will it have no solution ? -1 5 (c) [4 marks] If =2 find the general solution of «
o[ e K
(c)For what values of awill it have infinitely many solution. Given its genera ®) 5 1 ) AF =[l] "
solution. z] 0]

#33m
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4.3 Geometric interpretation of determinants -
4.4 Applications of determinants---------
R.e“-iew exercims ..........................

Chapter 5 Exgenvalues and Eigenvectors--

3.1 Introduction
3.2 Definition of eigenvalues and eigenvectors -+
3.3 Properties of eigenvalues and eigenvectors -
3.4 Eigenvalues and eig tors of tri try
3.5 Similarity and diagonalization --- I

3.7 Applications -----
Review exercises -~~~

ANSWETS 10 EXETCISES - w - w s wemsroossos e

1.2 The Geometry and Alge

Objectives

(1) Distinguish between scalars am
(2) Recognize how vectors are rept
(3) Find the position vector of a gin
(4) Perform addition, subtraction a
(5) Decompose a vector into their 1

The geometry of vectors. A vectc
Geometrically, we can picture a
magnitude of the vector with an a
from its tail to its head (see Figure

A vector from A to B is denok

boldface. lowercase letter such as

the same magnitude and directic
acceleration and wvelocity (see Fim
equals to zero.

Geometrically, we could defin
Addition (see Figure 1.2.3)
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Why should we study linear algebra?

i 2
What are we going to learn? Chapter 5
After the 1900s, the improvement of linear algebra
Enlarge the input Decrease the input was more technique and in a way that correlative with
? = 3 . other disciplines of mathematics than past.
’ Linear 6 2x 0.5x;
vector ‘ System vector ‘ Linear 2x, : Linear 0.5x3 Engineering
: System i “ System :
?— 9 : ‘ ;
2% 0.5x,, Physics
Linear Algebra
Does it have | Does it have How to find \ Geometry
solution? unique solution? the solution? . . :
Eigenvalues and Symmetric matrices and Computer science
eigenvectors quadratic forms

TP T Lyt (L TATPTLILET L AT

o soutemeon ol cONOMICS

Are you curious about the following phenomenon ?

Collapse: Tacoma Narrows Bridge.mp

(]
Goo

€910

http://incomebully.com/does-pr-
pagerank-still-matter/

O y S
Linear Py
System y
z' |
X X
z/ 4

htp/fwww.c jump.com/bec/common/Talk3/Math/Matrices/Matrices.htm|

l
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Chapter 1 Vectors Algebra

Outline:

1. Representations of vectors.
2. Operations of vectors.
3. Application-force

Irish mathematician
William Rowan Hamilton(1805-1865)
study of complex numbers, quaternions i
19t centry .

1. Why is it important to understand vectors?

Its usefulness in
applications was realized
in 20" centry

languages of science,
mathematics and

Applicationsengmeermg'

{ \
electrical circuits stress and
strain

multivariable flows of

calculus with oscillating . atmosphe
currents in structures
= D

o

e

=k £ - e
ES N gl
L @ TEXT AN s
P - |

Chapter 3 Matrix algebra

3.1 Matrix basic operations
3.2 Matrix multiplication
3.3 The inverse of a Matrix
3.4 Applications

British mathematician Arthur Cayley
(1821-1895)singled out the matrix as
a separate entity and defined

algebraic operations between matrices

1. Why is it important to understand matrices?

Over the last 150 years
or so, matrix techniques
have been developed

Applied in engineering
and scientific problems

Applications
ﬂ' ; S Genetics Robotics
<lectronics mechanics

AAF2H) %

HARBIN ENGINEERING UNIVERSITY

Chapter 5 Eigenvalues and Eigenvectors

Outline:

1. Eigenvalues and eigenvectors
2. Geometric interpretation

3. Diagonalization

4. Application

German mathematician Hilbert
(1862-1943) first used the terms
‘Eigenvalue’ and ‘Eigenvector’ in
1904,

1. Why is it important to understand eigenvalues

and eigenvectors? —_—
[ 4

[ wPd |
Collapse: Tacoma Narrows Bridge.mp
Applications

| . : |

. . analysis of design of explore land
differential ani car stereo ;

: mechanical for oil

equations gty ctures systems

r_,‘

Tacoma Narrows Bridge, m

French mathematician

Jean d'Alembert in 18th  pic\;re< coming from https://image baidu.com/
Century
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The beauty of mathematics The beauty of mathematics in physics Origin of linear equations

In 1951, Dirac was asked about - _ NLEEI
In 2022, the most ; . . . The earliest recorded analysis of -
outstanding and his philosophy of physics during linear equations is found in the ' pih
influential £ 2 1 ek 7 a lecture at Moscow University, ancient Chinese book E'bl_
mathematician Shing- [ SR R X and it was written on the Paul Adrien Maurice Dirac ) (.'hfu-dm.ng Srfun-shu = = * J
Tung Yau was askedg ey e blackboard (which is still No?: E:;zi:;nner \gl(ljtten some time around 200 S '
what was the charm of g% | preserved today) 1902-1984 e
mathematics? st —l-r—l = ¢ e _
Shing-Tung Yau . . .
e triple scalar produc 5 4 A pplication: Electrical Networks
W bl (a’ >< b sold

Leta=|a,| . b=|b, |, then The tools of linear equations can be used to study the «

@s bs Geometrical interpretatior application of electrical networks. An example of an electrical

) ' direction of current
— (&2 bs — a3 b2)?: + (as by —a, b - (area of the paralle /‘
60

> das|. a, 4as a; Thusa

by bsl” by byl? T | [(axb) - cll=(area

i § k =(area of OACB) 24V = \Ilj i

T _ e .
—\|a Qs Qs Iﬂ;nZ: —(area of OACB) Voltage rESIStOF ,:\szE
. — o IS
bi by biogs e sounansir e volume of the pe 20
where % is the height of v paraysivpipeu 415
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Systems in Engineering

A system has input and output (function, transformation, operator)

Vibration System

“vibration” »

Navigation System

“destination” »

Mechanical System

“instruction »
information”

s
S ’ “ . D)
L35 acoustic wave

- “specific route”

» “execute
; instruction”
.

Linear System v.s. System of Linear Equations

input Linear

— b2 output
System ’

—— by,

? t trivial
11 + 12X + -+ A1pdy = IJ]
o111 + aooxo + -+ - + a9,1, = by

Am1T1 + Am2T2 + -+ Gmn Ty = bm

Moment of a force
The moment of a force about a point provides a measure of
the tendency of the force to cause a body to rotate the

point.(Moment is a vector)
The magnitude of moment is .

|M|=|F|d M
The direction of moment is
pointing direction of
the thumb according to the right —
hand law.
e Enginearing Jom matite - 10

Angular velocity of a rigid body
Angular velocity is a vector measure of the rotation rate.

The magnitude of angular velocity is

RC0)
Cdt

The direction of angular velocity is pointing direction of
the thumb according to the right —hand law.

z E

A\
T I\
reffnence p%a}:e reference a|xis

Hengmei Yao  Southampton Ocear
Engineering Joint Institute 16

Python code:
import numpy as np;
def IsConsistent(X,y):

B2 5D %

HARBIN ENGINEERING UNIVERSITY

if np.linalg.matrix_rank(X) == np.linalg.matrix_rank(np.c_[X,y]):

if np.linalg.matrix_rank(X) == len(X):
return 1
else:
return 2
else:
return 0
def Solving(X,y):
if IsConsistent(X,y)==0:
print("nonsisitent")
if IsConsistent(X,y)==1:
print(np.linalg.solve(X,y))
if IsConsistent(X,y)==2:
pass
A2 =np.array([[0,1,-4],[2,-3,2],[5,-8,71])
b2 = np.array([8,1,1]).T
solution2 = Solving(A2,b2)
Result:
nonconsist

- i
RELHE, BEAE
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Seminar IR EIHIRAB G LAAAREN, SHLSAESR, H4554H

Seminar date: the 10™ week, Friday

Content of discussing: 2.1-2.2

) ¢

2) C
Requiren
any team 1
we do not

Basic pro
L. Let a;.

the follc

(a) The

(b) The

(c) The

(d) (a) (
(e)(a)a

2. Foran

ensures th

(A) p=

D) p=

3. The sys

(a) has a

(¢) has no solutions it =0, (d) has no solutions if =7,

(e) none of

4. Which of
coefficien
(@ A is
b) A is
() A is
@ A is

(e) A 1s
Discussing |
5. (10 minu

completel

(b) Use Gau:

6. (10 minu

following

1 h
oy

Challenge problems
9. A practical problem with buttons and lights.

Consider a practical problem with four lights arranged in a square (see Figure (a)):

N B @RI

Ol @ oToTe ioH: BMMREFHT, CE

® o o o g, BS5HZIEHTIE
-~ o Eifie: BITEEHE,

where (0 means the light is on, the @ means the light is off. ;;EE*ET?EI‘HJ Eﬂi 13-3%1%'9‘2:5

Rules: Each light is also a button. When a button is pressed. its own light, and all the lights

neighboring it (1.e., above, below. to the left and to the right) are toggled (i.e.. any light that HE&E@: E*?—Egﬁtﬂ%&ﬁg;ﬂﬁ $
was off is turned on and vice versa). *H*E rg 1 'EEB

1. Figure out which buttons to press to turn off all the lights if the starting position is as shown

above Figure (a)?
2. Then can you try another one Figure (b)? Can you give me the mathematical model? And

do you know how to solve this model?

-1 2k -3
7. (10 minutes) Choose % such that the matrix {k’ 9 3 ‘ has each of the following:
-2 4 -6
(a) rankA =1, (b) rankA =2, (¢) rankA=3.

avas aa v g s B A e P o o s
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Eﬁ o PageRank&ix——iBRE YIS {E SIS IR EITE ;;4/} H RS E SIS TERE—E AR

(=]
-

PR(a)

b =

HEFERE(ER Hx = AxSSHPERAEE EIEEE

. b) PR(a) =1PR(c) PR(a) s

\ / PR(b)=LPR(a)+ :PR(c) map|PR(D)|=|7 0 1| PR(d) FLIEARN: [0, 16666667 0.33333333 0.5 ]
1.mpm't numpy as np 752’& ’7\ . rO. 25 0. 33333333 0. -“.666667:]
- — 1 PR C 4 1 0 PR C from scipy import linalg ‘}' ‘}‘. {k‘ J = .
\ PR(c) =5 PR(a) + PR()) @] L () dof 5 r‘pllw,i*ir:'f{i'j'z»,v:wl:--'“%. 10, eps=le-8): BIVGEICA: (0. 20833333 0. 33333333 0. 45833333]
i BAIEARA:  [0. 22916667 0.33333333 0.4375 ]
xX=Ax g BHIRIE N [0.21875 0. 33333333 (. 44791667]
while True: ’A/{A}G;Q\]:”_\_ft }‘J: :0 2239«3833 O 33333333 O *]:‘1270833]
001 PR(a) At i S SBTRIER N: (0. 22135417 0. 33333333 0. 4453125 ]
val_old =x N G AW T [0. 22265625 0. 3333333: .4 2
EPRfE?Eﬂfﬁﬁg'ﬁ - HFFA= % 0 % ﬂgiﬁj&ﬁﬁlﬁ, x=| PR()) ;‘i(f;‘*‘:xoj F8IRIEARN: [0 65625 0. 33333333 0.44401042]
% 1 0 PR(C) print C 850 Y%t K: . format (), x0) &

PR(a) = 0.22

.:()111:).:ui‘1-;]|;v:(";(;_.‘;r:),1 21, [1/2,0,1/2]1, [1/2, 1,011) PR(b) _ 0.33 Mﬁﬂtg . < b’ < ‘

e = simple_iteration_method (4, x0)

PageRankialE <mmp HERZIEREFHIEES 1 ROTSHIERS

PR(c) =0.44
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